An approach for q-deformed Bogoliubov transformations is presented. Assuming a left-right module action together with an * -operation and deformed commutation relations, we construct a q-deformation of the nonlinear Bogoliubov transformation. Finally, we introduce a Hopf structure when q is a root of unity.
Introduction
The Bogoliubov transformations defined in the theory of superconductivity [1, 7] , connect different notions of vacuum by defining different sets of annihilation and creation operators, furthermore, they are used as a method to analyze particle creation in quantum field theory [6] . Although there are analogues to the q-Bogoliubov transformation in [9] and [3] , it is infeasible to construct a q-deformed Bogoliubov preserving the q-commutation relations [3] . The theory of quantum groups [5] indicates how to construct the symmetries of quantum planes, where the coefficients are commuting sets. In contrast, in this work we assume deformed commutating sets and we obtain interesting identities for the coefficients of the q-Bogoliubov transformation, which is an analog of the work of Katriel [3] . In this work we promote the Bogoliubov coefficients to operators and we assume some deformed commutation relations, which make it possible to develop the q-deformed Bogoliubov transformations. Future application of these results have the purpose of constructing non-commutative models of Hawking radiations as has been done in [8] .
Bogoliubov transformations
Consider the annihilation operator A and the creation operator A * together with the Bogoliubov coefficients operators U n and V n for n ∈ N ∪ {0}. The Email addresses: ivanarraut05@hotmail.com (Ivan Arraut), csegovia@matem.unam.mx (Carlos Segovia) * -operation is an antihomomorphism given by sending A to A * and U n , V n to the adjoints and conjugation for constants. Consider unitary complex numbers z and w such that
Assuming [A, A * ] q = AA * − qA * A = 1 and the deformed commutations
where X n ∈ {U n , V n }. Introducing
For Q a real number the Q-bracket has the form
where
Thus for Φ(n) = 0 and
We obtain immediately Ψ(n) = 1 w 2 .
Nonlinear q-Bogoliubov transformations
The present section gives an analog of the work of Katriel [3] . We consider [A, A * ] q = AA * − qA * A = 1 with the q-Fock states defined as usual
where the q-vacuum state satisfies A|0 q = 0, and where
We have the relations
q−1 , wheren is the number operatorn given byn|k q = k|k q . Notice AA * = qA
Consider unitary complex numbers z, w such that
For h(n) = f (n) or h(n) = g(n), assuming h(n + 1)A = zAh(n) and Ah(n) * = wh(n + 1) * A .
For Q a real number we obtain
where Φ(n) = f (n)g(n + 1) * − Qg(n) * f (n + 1) and
To obtain [T (A), T (A)
* ] Q = 1 we set Φ(n) = 0 and Ψ(n) = 1 w 2 . Therefore, we have g(n + 1)
Substituting this relation in the expression Ψ(n) = 1 w 2 and defining
Assuming F (n) := F 1 (n) = F 2 (n), setting |ζ| 2 := ζζ * = ζ * ζ and γ := F (0), this gives a recurrence relation implying the following
and if f (n) = f (n) * we obtain the following value for f (n) by
For Q → 1 (and q = 1) one obtains ǫ → γw 2 (1 − ζ 2 ). The coefficient f (n) is not constant except for the values ζ = 0 and γ = z 2 . When z = w = 1 the former limit converges to the nonlinear Bogoliubov transformations from [3] .
Hopf structure
An algebra with product and unit, is a Hopf algebra [4] when it has a coproduct ∆ and counit ε and the algebraic anti-homomorphism antipode γ satisfying the following relations
We consider the Hopf structure given in [2] for the q-deformed Heisenberg algebra, but here we take the generators A, A * , U , U * , V and V * For q d = 1 we assume the identity
and if the * -operation is preserved, we should have (A * ) d = 1, expression for which the physical interpretation is intriguing. In fact, the previous results would imply some cyclic property (condition) when we apply the operators of creation and annihilation to some defined vacuum. For example, consecutive applications of the creation operator over a vacuum |0 , d times, would leave the vacuum unchanged. Analogous interpretation applies to the annihilation operator. Given the previous conditions, there exists the following Hopf algebra structure
ǫ(U ) = ε(U * ) = ε(V ) = ε(V * ) = 0 , ε(A) = 1 , ε(A * ) = 1−q . In order to obtain ∆ and γ for the product of two elements we use that γ is an antialgebra map and the bialgebra property
where τ is the twist linear map.
